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Abstract. We prove that in a Euclidean space of dimension at least two, there 
exists a compact set of Lebesgue measure zero such that any real-valued Lipschitz 
function defined on the space is differentiable at some point in the set. Such a set 
is constructed explicitly. 



1. Introduction 

1.1. Background. A theorem of Lebesgue says that any real- valued Lipschitz func- 
tion on the real line is differentiable almost everywhere. This result is sharp in the 
sense that for any subset E of the real line with Lebesgue measure zero, there ex- 
ists a real-valued Lipschitz function not differentiable at any point of E. The exact 
characterisation of the possible sets of non-differentiability of a Lipschitz function 
/: M ^ R is given in [11]. 

For Lipschitz mappings between Euclidean spaces of higher dimension, the in- 
terplay between Lebesgue null sets and sets of points of non-differentiability is less 
straightforward. By Rademacher's theorem, any real-valued Lipschitz mapping on 
M" is differentiable except on a Lebesgue null set. However, Preiss [8] gave an ex- 
ample of a Lebesgue null set E in M", for n > 2, such that E contains a point of 
differentiability of every real- valued Lipschitz function on M". 

In particular, [8] shows that the latter property holds whenever ii^ is a G^-set in 
M", i.e. an intersection of countably many open sets, such that E contains all lines 
passing through two points with rational coordinates. In fact Theorem 6.4 of [8] 
proves the property for a rather more general class of sets. However any set covered 
by this theorem is dense in a non-empty open subset of M", so that its closure has 
positive Lebesgue measure. 
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In the present paper we construct a much "smaller" set in for n > 2 - a compact 
Lebesgue null set - that still captures a point of differentiability of every Lipschitz 
function /: ^ R. 

It is important to note that though, setting n — 2, any Lipschitz function /: IR^ — > 
R has points of differentiability in such an extremely small set as ours, for any 
Lebesgue null set E in the plane there is a pair of real- valued Lipschitz functions 
on R^ with no common points of differentiabihty in E [1]. Only a few positive results 
are known about the case where the codomain is a space of dimension at least two. 
For n > 3, there exists a Lebesgue null set in R'*, specifically the union of all "rational 
hyperplanes" , such that for all e > every Lipschitz mapping from R" to R"~^ has 
a point of £-Frechet differentiability in that set; see [7]. 

1.2. Preliminciries. In this section we recall basic definitions and results, and give 
motivation for our main construction. 

Given real Banach spaces X and Y a mapping / : X — > y is called Lipschitz if 
there exists L > such that \\f{x) — /(y)||y < L\\x — y\\x for all x,y e X. The 
smallest such constant L is denoted Lip(/). 

If / : X — y is a mapping, then / is said to be Gateaux differentiable at xq G X 
if there exists a bounded linear operator D : X ^ Y such that for every u & X, the 
limit 

(1.1) ^^fixo + tu)-fixo) 

exists and is equal to D{u). The operator D is called the Gateaux derivative of / at 
the point Xq and is written f'{xo). If this limit exists for some fixed u we say that / 
has a directional derivative at xq in the direction u and denote the limit by f'{xo, u). 

If / is Gateaux differentiable at Xq and the convergence in (1.1) is uniform for u 
in the unit sphere S{X) of X, we say that / is Prechet differentiable at xq and call 
f'{xo) the Prechet derivative of /. 

Equivalently, / is Prechet differentiable at Xq if we can find a bounded linear 
operator /'(xq) : X ^ Y such that for every £ > there exists a, S > such that for 
any h & X with \\h\\ < S we have 

\\f(xo + h)-f(xo)-nxo)(h)\\<s\\h\\. 

If, on the other hand, we only know this condition for some fixed £ > we say 
that / is £- Prechet differentiable at xq. Note that / is Prechet differentiable at xq if 
and only if it is £- Prechet differentiable at Xq for every £ > 0. In [5, 6] the notion 
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of £-Frechet differentiability is studied in relation to Lipschitz mappings with the 
emphasis on the infinite dimensional case. 

In general, Prechet differentiability is a strictly stronger property than Gateaux 
differentiability. However the two notions coincide for Lipschitz functions defined on 
a finite dimensional space; see [2] . 

We now make some comments about the porosity property and its connection with 
the Prechet differentiabihty of Lipschitz functions. Recall first that a subset A of a 
Banach space X is said to be porous at a point x & X \l there exists A > such 
that for all 5 > there exist r < 5 and x' e B{x,S) such that r > A||a; — x'\\ and 
B{x',r) n /I = 0. Here B{x,5) denotes an open ball in the Banach space X with 
centre at x and radius S. 

A set y4 C X is called porous if it is porous at every x E A. A countable union of 
porous sets is called cr-porous. The family of o"-porous subsets of X is a cr-ideal. A 
comprehensive survey on porous and a-porous sets can be found in [14]. 

Observe that for a non-empty set A the distance function f{x) = dist{x,A) is 
Lipschitz with Lip(/) < 1 but is not Frcchet differentiable at any porosity point of 
the set A [2]. Moreover if A is a cr-porous subset of a separable Banach space X we 
can find a Lipschitz function from X to R that is not Frechet differentiable at any 
point of A. This is proved in [9] for the case in which ^4 is a countable union of closed 
porous sets and, as per remark in [2, Chapter 6], the proof of [10, Proposition 14] 
can be used to derive this statement for an arbitrary cr-porous set A. 

The set S we are constructing in this paper contains a point of differentiability of 
every Lipschitz function, so we require S to be non-cr-porous. Such a set should also 
have plenty of non-porosity points. By the Lebesgue density theorem every cr-porous 
subset of a finite-dimensional space is of Lebesgue measure zero. We remark that the 
cr-ideal of cr-porous sets is a proper subset of that of Lebesgue null sets. In order to 
arrive at an appropriate set that is not cr-porous, has no porosity points and whose 
closure has measure zero, we use ideas similar to those in [12, 13, 15]. 

We say a little bit about our method of proving the set S we construct has a 
differentiability point of any Lipschitz function. 

Given a Lipschitz function / : ^ R we first find a point x E S and a direction 
e G S*""""^, the unit sphere of M", such that the directional derivative f'{x,e) exists 
and is locally maximal in the sense that if e > 0, x' is a nearby point of S, e' G S*""^ is 
a direction and {x', e') satisfies appropriate constraints, then f'{x\ e') < f'{x, e) + e. 
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We then prove / is differentiable at x with derivative 

D{u) = f{x,e){u,e). 

A heuristic outhne goes as follows. Assume this is not true. Find 77 > and a small 
h such that \f{x + h) — f{x) —D{h)\ > ri\\h\\. Then construct an auxiliary point x + X 
lying near the line x + Re and calculate the ratio 

\f{x + h)-f{x + X)\ 
\\h-X\\ 

We find that this is at least f'{x, e) + e for some e > 0. By using an appropriate 
mean value theorem [8, Lemma 3.4] it is possible to find a point x' on the line segment 
[x + X,x + h] and a direction e' G S*"^^ such that f'{x', e') > f'{x, e) + e and {x', e') 
satisfies the required constraints. This contradicts the local maximality of f'{x, e) 
and so / is differentiable at x. 

Since f'{x, e) is only required to be locally maximal for x in the set S, it is necessary 
to ensure the above line segment [x+X,x + h] lies in 5, if we are to get a contradiction. 
It is therefore vital to construct S so that it contains lots of fine segments. This 
crucial property is verified for our set in Theorem 2.5. The requirement that the set 
contains line segments is stated as a condition of Differentiability Lemma 4.3, which 
is combined with the results of Section 2 in the final Section 5. 

In Section 3 we show in detail how to arrive at the pair {x, e) with "almost maximal" 
directional derivative f'{x, e), which by the proceeding comments gives us a point of 
differentiabihty of / in 5". By a modification of the method in [8] we construct a 
sequence of points Xm G S and directions G S"'~^ such that / has a directional 
derivative f'{xm, e^) that is almost maximal, subject to some constraints. We then 
argue that (x^) and (cm) both converge and that the directional derivative f'{x, e) 
at a; = lim^_,.oo Xm in the direction e = lim^_>oo is locally maximal in the required 
sense. 

The convergence of (x^) is achieved simply by choosing x^+i close to x^- The 
convergence of e„t is more subtle; we obtain this by altering the function by an 
appropriate small linear piece at each stage of the iteration. Then picking {x^, 
such that the mth function fm has almost maximal directional derivative fln{xm, e^) 
can be shown to guarantee that the sequence (e^) is Cauchy. 

Finally in Section 5 we verify the conditions of the Differentiability Lemma 4.3 for 
the pair {x, e) constructed in Section 3, using the results of Section 2. This completes 
the proof. 



MICHAEL DORE and OLGA MALEVA 



5 



To conclude this subsection let us observe the following. Independently of our 
construction, one can deduce from [3, 4] that there exists a Lebesgue null set E in 
the plane with a weaker property: E is F^^ - i.e. a countable union of closed sets - 
and contains a point of sub-differentiability of every real-valued Lipschitz function. 

Indeed, in [3] it is proved that there exist open sets G, Q C and a differentiable 
function / : — > M for which the gradient V/(gf) is not in Q for almost all q e G. 
In other words, the Lebesgue measure of the set E — (V/)~^(J1) n G is zero. Note 
that V/ is a Baire-1 function; therefore the set E, which is a preimage of an open 
set, is an F^r set. Now [4, Lemma 4] implies that any Lipschitz function /i: — > R 
has a point of subdifferentiability in E. 

1.3. Acknowledgement. The authors wish to thank Professor David Preiss for nu- 
merous discussions of the topic, which have been very stimulating. 

2. The set 

Let {Nr)r>i be a sequence of odd integers such that Nj. > 1, Nj. ^ oo and = 
oo. Let 6 be the set of all sequences i = {i^'^^)r>i of real numbers with 1 < i^'") < A^^ 
for all r and ^^Nj. — > as r — > oo. 

We define a relation :< on 6 by 

i -< j ii (Vr)(i'^'') > j^''^) and i^'^^j^'^^ ^ oo as r ^ oo 

and 

i^jiii-<j or i = j. 

For such that i -< j, wc denote by the set {k & & : i ^ k ^ j} and by 

the set {k e & : i di k ^ j}. 

Recall that a partially ordered set - or poset - is a pair (X, <) where X is a set and 
< is a relation on X such that x < x for all x E X, if x < y and y < x for x.y E X 
then necessarily x = y and finally if x,y,z E X with x < y and y < z then x < z. 

A chain in a poset (X, <) is a subset C C X such that for any x,y E C we have 
X < y or y < X. We say (X, <) is chain complete if every non-empty chain C C X 
has a least upper bound - or "supremum" - in X. 

We write x < y if x < y and x ^ y. We call (X, <) dense if whenever x,y E X 
with X < y we can find z E X such that x < z < y. Finally, recall that an element x 
of X is minimal if there does not exist y with y < x. 

The following lemma summarises basic properties of (©, ^). 



6 



A COMPACT NULL SET CONTAINING A DIFFERENTIABILITY POINT 



Lemma 2.1. (6, ^) is a non-empty partially ordered set that is chain complete, 
dense and has no minimal element. 

Proof. It is readily verified that {&, ^) is a poset and that (3 7^ since it contains 
the element (1,1,1,...). Given a non-empty chain C = {ia \ ol G A\ in (3, the 
supremum of C exists and is given by i G © where i^^'^ = infaeA'ia^', hence {&, :<) is 
chain complete. To see that (6, ^) is dense, note that if i,j G & with i -< j then 
i ^ k ^ j where /c G © is given by A;(^) = v^iMjW. Finally given / G 6, we can 
find m G © with m -< / by taking m'-^-' = y/W^^r- Therefore (©, ^) has no minimal 
element. □ 

We begin by working in the plane M^. 

Denote the inner product (, ) and the Euclidean norm || ■ ||. Write B{x,6) for an 
open ball in (M^, || ■ ||) with centre x G and radius 6 > 0. Further let B^{c,d/2) 
be an open ball in (M^, || ■ ||oo), i-e. an open square with centre c G and side c? > 0. 
Finally, given 7/ G we use [x, y] to denote the closed line segment 

{(1 - A)x + Ay I < A < 1} C R2. 
Let dQ — 1. For each r > 1 set = j^^j^^ jy define the lattice C R^: 




(2.1) Cr = dr-l 

Suppose now i G ©. Define the set Wi C 

(00 
u 
r=l ceCr 

where ()'^ denotes the complement in R^. 

Note that each Wi is a closed subset of the plane and Wi C Wj \l i -< j. From 
^C^) < we see that 7^ - for example (0, 0) G Wj. We now claim that the 
Lebesgue measure of Wi is equal to 0. 

For each r > we define sets Dr and Rr of disjoint open squares of side dr as 
follows. Recall d^ = \. Let Dq be the empty-set and Rq — {U} be a singleton 
comprising the open unit square: 

C/ = {(x,y) G R2 I < x,y < 1}. 

Divide each square in the set Rr-i into an Nr x Nr grid. Let Dr comprise the 
central open squares of the grids and let Rr comprise all the remaining open squares. 
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By induction each square in Dj. and Rr has side and the centres of the squares in 
Dr belong to the lattice C^. For each m > 1 we have from (2.2) and i^^^ > 1, 



\r=l ceCr ^ 




so that 



Wir\U (ZU\[j[jDr = [jR^, 

r=l 

and, as the cardinahty of the set is equal to (A^f — 1) . . . {N'^ — 1) and each square 
in Rm has area d^, we can estimate the Lebesgue measure of Wj fl C/: 

|,,.nf/|,(i-i,)...(i-^ 

This tends to as m — > oo, because ^ = oo. Therefore the Lebesgue measure 
\Wi n C/| = 0. Furthermore, from (2.1) and (2.2), Wi is invariant under translations 
by the lattice 7?. Hence |Wj| = for every i e 6. 



Let 



iee 
i-<(l,l,l,-) 



As (1, 1,1,...) is not minimal and Wi ^ ^ for any i e &, we observe W is not 
empty. The following theorem now proves that for any point x & W there are line 
segments inside W with directions that cover a dense subset of the unit circle. We say 
e = (ei, 62) e has rational slope if there exists (p, g) e \ {(0, 0)} with pei — qe2. 

Theorem 2.2. For any i,j G & with i ~< j , e > and e G with rational slope 
there exists 60 = So{i,j,e,e) > such that whenever x G Wi and 5 G (0, 5o); there is 
a line segment [x', x' + 5e] C Wj where \\x' — x\\ < sS . 

Proof. First we note that without loss of generality we may assume that e < 1 and 
1^2] < where e = (61,62). Write 62/61 = p/q with p,q & Z and q > 0. Now 
observe that if y G then the line y + 1R6 has gradient p/q E [—1, 1] and if it 
intersects the square B^{c, d/2), 



(2.3) 

where y = (yi, y2) and c = (ci, C2) 



p 

{y2 -C2)- - (yi - ci) 



< d 
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(2.4) 



for all m > ko- 



From i -< j, we have sup^ |^ < 1 so that we can find ip > such that < 1 — 
for all m. Put Pm = i^"^^dm'4'/4:. Since = N^^idm+i and i^"'^ > 1 for each m > 1, 

pjpm+i = (i("^)Ar^+i)A("^+^) > inf ^ > 1 
so that Pm \ 0. Let ko be such that 

^jM/iV„ < (5g)-i 

Wc set 5o = Pko and let 5 G (0,5o)- Since — >• 0, there exists k > ko such that 
Pk>S> pk+i- 

Let Cto, be given by (2.1) and set 

Tm^ [j B^{c,/"'^dj2) 

SO that Wj = nm>iT:n- 

Fix any point x e W,. Define the fine £x — x + (0, A) + Re C to be the vertical 
shift of X + Re by A. We claim that ii m > k + 1 and / C R is a closed interval of 
length at least Aj^'^^dm we can find a closed subinterval 7' C 7 of length j^'^^dm such 
that the line l\ does not intersect for any A e 7'. 

Take 7 = [a, &]■ We may assume there exists A e [a, a + j^"*^^^] such that l\ 
intersects B^{c,j^"^Mjn/2) for some c e C^; if not we can take I' — [a, a + j^'^^dm]- 
Write c = (ci, C2) and x = (xi, X2). Note that from (2.3) we have 



[X2 + \- C2) " ^ (^1 ~ 



Let 7' = [A + 2/"^)^^, A + 3/"*)^^] C 7. Suppose that A' e 7' and that c' e C^. We 
may write c' = (c^, C2) = (ci, C2) + (Zi, l2)dm-i where li,l2 £ Then if pli ^ qk, 



{X2 + X' -C2) - -{Xi -c[] 



> d. 



m—l 



ph - qk 




q 





p 

{X2 + X-C2) {Xi -Ci) 

q 



|A'-A| >/-)d. 



as \pli — qhl > 1 and rf^-i = Nmdm > ^qj^^^d^ from (2.4). On the other hand if 
pli = g/2 the same inequality holds as 



[X2 + A' - C2) - ^ {xi - c[] 



> |A'- A| - 



P 

[X2 + X- C2) - -{Xi- Ci] 



> J^^^dr, 



Therefore by (2.3) the line does not intersect B^{c! ,j^'^^dm/2) for any c' e C„ 
and any A' e 7'. Hence the claim. 
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Note that for m > /c + 1 we have j^"^^dm > 4j*^™+"'^^(i^_)_i from (2.4). Subsequently, 
by the previous claim, we may construct a nested sequence of closed intervals 

h+1 2 h+2 2 ■ ■ ■ 
such that = j'^^^^dm and ix does not intersect for X e Im- 
Picking A e nm>fe+i we have 

< A < 4j('^+i)4+i < ^4+1 = sPk+1 < sS 

using (2.4) again. 

Set x' = X + (0, A) so that \\x' — x\\ = A < ^5. Note that [x',x' + 5e] does not 
intersect Tm for m > A: + 1 as [x',x' + 5e] C and A G /m. Now suppose m < k. 
From £ < 1 we have \ < S < pk- If c G C^, then we observe that [x', x' + de] does not 
intersect 5oo(c, J (im/2) as x G VFj is outside -Boo(c, (im/2) and 

1 1 / ?' \ 1 

A + 5 < 2p, < = < h - ^ j = -(^(™)d„ - j^'-^dm). 

Therefore [x', x' + be\ does not intersect for any m > 1 so that [x', + 5e] C l^/^-. 
This finishes the proof. □ 

We now give a simple geometric lemma and then prove some corollaries to Theo- 
rem 2.2. Given e = (e''^, e^) G we define — {—(?■, (^) so that (e-*-, e) = for any 
e G 5*^ and, given xq G and cq G 5^, then x G lies on the line xq + Meo if and 
only if (e^,x) = (e^,Xo). 

Lemma 2.3. Suppose that xi,X2 G R^, 61,62 G jS"-*^; CKi,a2 > 0, the line segments h, 
I2 given by 1^ — [xm, + Oim^m\ intersect at x^ G and that 

(2.5) [x3 - acm, + ae„J C (m = 1, 2) 
where a > 0. // G and e^, 63 G 5^ are 5iic/i that 

(2.6) - a^mll < ^|(6^,6i)| anc? 

(2-7) \\e'm-eA < T ^ J (4,ei)| 

8(q;i + 0:2) 

/or m = 1, 2, t/ien t/z-e line segments l[, I2 given by l!^ — [x'^, x'^ + am^'m] intersect at 
a point G with \\x'^ ~ ^sW ^ o;. 

Proof. As (6^,61) = —(6]*", 62) we may assume, without loss of generality, that 
(6^,ei) > 0. Prom (2.5) we can write X3 — Xm + Xmem for m = 1,2 with a < 
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Am < ctm — ct. Now note that as xi + AiCi G I2 we have , xi + AiCi) = , X2) so 
that 

(2.8) (62 , + (Ai + n^a)ei) - (e^, X2) = 7r^(e^, d) 
for TT = ±1. Using (2.6) and (2.7) we quickly obtain from (2.8) 

(e'2^, x[ + (Ai + ^a)e[) - x',) > 

and {e'^'-,x[ + (Ai - ^a)e[) - (e^^,4) < 0. 

Hence there exists 

(2.9) 4 e K + (Ai - ^a)e[,x[ + (Ai + ^a)e[] C 
with (62"'-, 2:3) = {e'.^,x'2) so that we can write 

(2.10) 4 = 4 + A'2e'2 

for some A2 G M. Since X3 — xi + Aiei and (2.9) imply 

1 3 

114 — X3II < \\x[ — xi\\ + Xi\\e'i — ei|| + -Q!||e'i|| < -a 
and x-i — xi^ y^i^i and (2.10) imply 

114 - ^^all > IA2 - A2I - 114 - X2\ - A2||e2 - 62!! > IA2 - A2I - ^Qi, 

we get 

IX/ N I 3 1 
A9 — A2 < -OL + -OL — OL. 

4 4 

It follows that 

4 ^ [4 + (^2 - «)e2, X2 + (A2 + a)e2] C 
since a < A2 < q;2 — ct. Therefore e ^'10^2 with Hxg— X3II < \ol < a as required. □ 

Corollary 2.4. Suppose i,je& with i ^ j and e > 0. 

(1) There exists 61 = 6i{i,j,e) > such that whenever 6 G (0,5i), x E Wi and 
e G S^, there exists a line segment [x',x' + 6e'] C Wj where x' G M^, e' G 5""^ 
m^/i \\x' — x\\ < e5 and \\e' — e\\ < s. 

(2) There exists S2 — S2{i,j,s) > such that whenever 5 G (0,^2), x G Wi, 
u G B{x,S) and e & there exists a line segment [u',u' + 5e'] C Wj where 
u' G ]R^, e' G with \\u' — u\\ < e5 and \\e' — e|| < e. 
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(3) For Vi,V2,V2, e M? there exists S3 = Ss{i,j,e,Vi,V2,V3) > such that whenever 
S e (0, ^3) and x &Wi there exist v[, v'2, v'^ e such that \\v'^ — Vm\\ < £ and 

[x + 5v[, X + 5^3] U [x + (5^3, X + Sv'^] C Wj. 

(4) There exists ^4 = S4{i,j, e) > such that whenever 5 e (0, 54), Vi, V2, Vs are in 
the closed unit ball o/lR^ and x & Wi there exist v'i,V2,V3 e such that 
\Wm ~'^m\\ < £ and 

[x + 5v[,x + Sv'^] U [x + 5v'^, X + 5^2] C Wj. 

Proof. 1 . We can find a finite collection of unit vectors in the plane 

61,62, ...,6^ e 
with rational slopes such that C |J^^^<^ 5(6^, e). Let 

(5i = min 5o{iJ,e,es), 

l<s<r 

where 60 is given by Theorem 2.2. Then for any 6 G (0, Si), x & Wi and 6 e jS"^ find 
with II65 — e\\ < e. As 5 < So{i,j, e, 65) there exists a line segment [x', x' + ^e^] C Wj 
with — x|| < £(5 as required. 

2. Pick any k e & with i ^ k ^ j. Let 

^2 = min(5i(i, A;,e/3),(5i(A;, j,e/3)). 

Suppose that S G (0, ^2) and u G -^(x, 5). We can write u = x + S'f with < 6' < S 
and / G 5"^ Then there exists x' G /' G S"^ such that [x',x' + 5f'] C Wk with 
llx' - x\\ < £6/3 and ||/' - /|| < e/3. As x' + 6' f G W^fe we can find u' G M^^ e' G 5^ 
such that [u', u' + 6e'] C Wj with - {x' + 6'f)\\ < eS/3 and ||e' - e|| < e/3. Then 

Ik' - < \\u' - {x' + 57011 + \W - x\\ + ^'Wf - /II < 

as required. 

3. Without loss of generality, we may assume that vi,V2,V3 are not coUinear and 
that ||i'i||, ||f2||, ll^all < \- Write 

(2.11) ^3=^1 + ^161 = ^2 + ^262 

where < ^1,^2 < | and 61,62 G S^. As vi, V2, V3 are not coUinear, the vectors 61 
and 62 are not parallel so that (6^, 61) 7^ 0. We may assume e < ti,t2. Set 
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where rj = ^|(e2,ei)|£. Let 5 G (0,53). Write 

(2.12) Xm = x + 6vm (m = l,2) 

and put Im = [xm,Xm + 2(5tmem]- As \\xjn — < ^3, by part (2) of this Corollary 
we can find x[,X2 G and 6^,62 G with \\x'^ — Xm\\ < ^5, ||e^j — 6^11 < rj and 
[x^,a:^ + 6e'^] C Wj for m = 1,2. Then as ^1,^2 < | we have l'^ C H/j where 
4 = [a^m. a:;, + 26tme'J for m = 1, 2. 

Note that (2.11) and (2.12) imply that x+6vs = Xm+Stmem for m = 1, 2. Therefore 
X3 = a; + 5f3 is a point of intersection of li and The conditions of Lemma 2.3 are 
readily verified with am = '2Stm and a = eS so that l[, intersect at a point Xg with 
Wx'y, — .I'sll < s5. Writing now x'^ = x + 5v'^ for m = 1, 2, 3 we have Wv'^ — Vm\\ < £, 
since ||a;^ — a;^!! < ^5, and 

[a; + x + 6v's] U[x + 6v'^, x + dv^] C Wj. 

4. Take Wi, W2,...,Wr in with D'^ C Ui<s<r -^('"^s' ^/2)- Set 

min 53(i,j,£/2,W5^,W52,«;53). □ 

l<si,S2,S3<r 

Let n > 2. For i G 6 define Mi C by 

(2.13) Mi^WiX 

Let II • II denote the Euchdean norm on M.^. We use [x, y] C to denote a closed 
line segment, where x,y G MJ^. 

Theorem 2.5. The family of subsets {Mi C R" | i g 6} satisfies the following three 
statements. 

(i) Ifi&& then Mi is non-empty, closed and has measure zero. 

(ii) IfiJ G 6 and i ^ j then Mi C M,-. 

(iii) If i,j G 6 mt/i i ~< j and £ > 0, then there exists a — a{i,j,e) > such 
that whenever 5 G {0,a), ui,U2,U3 are in the closed unit ball of R" and 
X G Mi, there exist u^, u'^ G R" with \\u'^ — Um\\ < £ and 

[x + 5u\, X + 5^3] U [x + 51*3, X + <^^2] ^ 

Proof. Recall that for each i G (5, W^j is a non-empty closed set of measure zero 
and that Wi C Wj whenever i ^ j. Hence (2.13) implies (i) and (ii). For (iii), let 
a — 64{i,j,e) from Corollary 2.4, part (4) and 5 G {0,a). Suppose x & Mi and 

G m = 1, 2, 3. Write x — {x', y') and Um — {vmi hm) with x' G Wj, G 
and y', G R"-^. 
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By Corollary 2.4, part (4), we can find v[,V2,v'^ G M? with — Vjn\\ < e and 
[x' + 5v[, x' + 5v'^] U [x' + (5^3, x' + 5^2] C VFj. 
Then setting u'^ — {v'^, hm) we have — = ^v'^ — fmll < £ and 



3. A POINT WITH ALMOST LOCALLY MAXIMAL DIRECTIONAL DERIVATIVE 

In this section we work on a general real Hilbert space if, although eventually we 
shall only be concerned with the case in which H is finite dimensional. Let (, ) denote 
the inner product on H, \\ ■ \\ the norm and let S{H) denote the unit sphere of H. 
We shall assume that the family {Mj C if | i e 6} consists of closed sets such that 
Mi C Mj whenever i z< j, where the index set (6, z^) is a dense, chain complete 
poset. 

For a Lipschitz function h: H ^ W we write for the set of all pairs {x, e) G 
H X S{H) such that the directional derivative h'{x, e) exists and, for each i E &, we 
let D'l be the set of all [x, e) G D'^ such that x G Mj. If, in addition, h: if ^ R is 
linear then we write \\h\\ for the operator norm of h. 

Theorem 3.1. Suppose /q: if — > M is a Lipschitz function, io G &, {xo,eo) G D{°, 
Sq, II, K > and jo G & with io -< jo- Then there exists a Lipschitz function f : H ^ 
R such that (/ — /o) is linear with norm not greater than n and a pair {x, e) G dI , 
where \\x — xq\\ < 5^ and i G (^o; Jo); such that the directional derivative f'{x, e) > is 
almost locally maximal in the following sense. For any s > there exists Ss > and 
je G (i,jo) such that whenever {x',e') G d£ with \\x' — x\\ < S^, f'{x',e') > f'{x,e) 
and for any i G M 



(3.1) \{f{x' + te) - fix')) - {fix + te) - f{x))\ < f'{x' ,e') - f'{x,e)\t 



we have f'{x', e') < f'{x, e) + e. 

We devote the rest of this section to proving Theorem 3.1. 

Without loss of generality we may assume Lip(/o) < 1/2 and K >A. By replacing 
eo with —Co if necessary we may assume f^i^Xo, Cq) > 0. 

If /i is a Lipschitz function, the pairs {x,e), {x',e') belong to and cr > we 



[x + 5u[, X + 5u's] U[x + 5u's,x + 5U2] C Mj. 



□ 



write 



(3.2) 



(x,e) < {x',e') 



{h,a) 
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if h'{x, e) < h\x', e') and for all t G M, 

\{h{x' + te) - h{x')) - {h{x + te) - h{x))\ < K(a + ^/h'{x', e') - h'{x, e)) \t\. 

We shall construct by recursion a sequence of Lipschitz functions /„ : — > IR, sets 
Dn C D-^o and pairs {xn, e„) e D„ such that the directional derivative fn{xn, e-n) is 
within An of its supremum over D„, where A„ > 0. We shall show that / = lini/„ 
and (x, e) = lim(x„, e„) have the desired properties. The constants 5m will be used 
to bound — x^ll for n > m whereas cr^ will bound ||e„ — e^|| and tm will control 
Wfn - /mil for n>m. 

The recursion starts with /o, iq, jo, Xq, Cq, Sq defined in the statement of Theo- 
rem 3.1. Let ao — 2 and to — min(l/4, /x/2). For n > 1 we shall pick 

in that order where 

* 3n 

e 6 with in-l -< in ~^ in ~^ Jn-li 

• Dn are non-empty subsets of C x S{H), 

* C^n; ^nj Aj2, '^71 ^ 0, 

• /„ : if — > M are Lipschitz functions, 

Algorithm 3.2. Given n> 1 choose 

(1) /„(x) = /„_i(a;) -Fi„_i(a;,e„_i), 

(2) an G (0,(T„_i/4), 

(3) f„ G (0,min(i„_i/2,(7„_i/4n)), 

(4) Xne{0,tnal/2), 

(5) Dn to be the set of all pairs {x, e) such that {x, e) G D{" for some i G 
{in-u3n-i), lla:; - a^n-ill < K-i and 

(a;„_i,e„_i) < (x, e) 

(/n,o-„_i— e) 

for some £ > 0, 

(6) {xn, en) G Dn such that f^{x, e) < e„) A„ /or every (x, e) G Dn, 

(7) £„ > 5?xc/i that (x„_i,e„_i) < {xn,en), 

{fn,Cn-l—£n) 

(8) i„ G (^n-l,in-l) s^^c/i thatXn G Mj„, 

(9) in G (i„,Jn-l) araC? 
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(10) 5n £ (0, (5n-l — W^n — •'3^n-l || )/2) SUch that for allt with \t\ < Sn/Sn 

(3.3) \{fn{Xn + ten)-fn{Xn)) " {fn{Xn-l + tCn-l) - fn{Xn-l))\ 

< {fni^n.en) - f^{Xn-l, Sn-l) + (Jn-l)\t\- 

Note that (5) implies that (a;„_i,e„_i) G -D„, and so Dn 7^ 0; further as /„ is 
Lipschitz we see sup(-^ /n(^' ^) < Therefore we are able to pick (a;„, e„) e Dn 
with the property of (6). 

The definition (5) of Dn then implies that and i„ exist with the properties of 
(7)-(8). Further, we have — Xn-i\\ < 5n-i and 

(3.4) fn{Xn,en)>fn{ 

These allow us to choose 5„ as in (10). 

Observe that the positive sequences (7„, A„, £„ all tend to 0. Further from 
(10), 

(3.5) B{Xn-, 5n) Q B{Xn-l, 5„-l). 

Note that (1) and (3) imply fn{x) = fo{x) + {x,Ylk=o^kek) and, as Lip(/o) < |, 
^fe+i and to < we deduce that Lip(/„) < 1 for all n. 

Let > be given by 

(3.6) e'n^mm{sn/2,an-i/^). 

Lemma 3.3. The following three statements hold. 

(i) Ifn>l and (x, e) e Dn+i, then 

(x„_i,e„_i) < (x,e). 

(ii) If n > 1 then -D„+i ^ Dn- 

(iii) If n > and {x,e) G -Dn+i, ^/^en ||e — e„|| < a„. 

Proof. For n = 0, condition (iii) is satisfied as ctq = 2. Now it is enough to check 
that if n > 1 and the condition (iii) is satisfied for n — 1, then conditions (i)-(iii) are 
satisfied for n. The Lemma then will follow by induction. 

Assume n > 1 and ||e' — e„_i|| < for all {x', e') G Dn- Then we have 

(3.7) ||e„ - e„_i|| < Un-i 
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as (xn, e„) G -D„. Now fix any {x, e) G I^n+i- Using (1) and (5) of Algoritlim 3.2 and 
(e, en) < 1 we get 

(3.8) A:^f;^{x,e)-f^{xn,en) 

— /n+l('^' ^) ~ fn+li-^n: ^n) > 0, 

SO that /;,(.T,e) > /^(a;„,e„) > e„_i) by (3.4). If we let B = /^(a;,e) - 

f^{xn-i,en-i) we liave 

Ki^/B -VA)>B-A^ f^iXn, en) - fn{Xn-U Bn-l), 

since K > 4: and < A < i? < 2, using Lip(/„) < 1 in tlie final inequality. Together 
with (3.8) this implies that 

(3.9) {fSXn. en) - fn{Xn-U Cn-l)) + K ^ f^^^{x, e) - fn^^iXn, en) < KVB. 

In order to prove (i), we need to establish an upper estimate for 

(3.10) \{fn{x + ten-l) - fn{x)) - {fn{Xn-l + te„_i) - fn{Xn-l))\- 

For every \t\ < Sn/Sn, using 

\{fn{x + ten) - fn{x)) - (/n(a^n + te„) - fn{Xn))\ 

= |(/„+l(x + ten) - fn+lix)) - {fn+liXn + te„) - fn+l{Xn))\ 

<K(an+ y^^^^(^^e)^r^^^^X^»X)) \t\ 
and (3.3), we get from (3.9) 

\{fn{x + ten-l) - fn{x)) - (/„(Xn_i + ie„_i) - fn{Xn-l))\ 

< an-i\t\ +K(an + V f^{x, e) - f^{xn-i, e„-i)) \t\ + \\en - en-i\\ ■ \t\. 
Using (3.7) and K > i we see that the latter does not exceed 

X-i e) — fn{Xn-l, en-i))\t\ 
< K (an-1 - s'n+^/ f^{x,e) - f^{Xn-l,en-l)^\t\ 
as (7„ < (7„_i/4 by (2) of Algorithm 3.2 and e'n < <t„_i/4 by (3.6). 
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Now we consider the case \t\ > Sn/Sn- We have from (7) of Algorithm 3.2 that 
(xn-ijCn-i) < {xn,en)- Using this together with 

(/n,Cn-l— £n) 

max| 

< \\X - Xn\\ <5n< £n\t\ < K£n\t\/A 

we get 

\{fn{x + tCn-l) - fn{x)) - (/„(x„_i + ie„_i) - fn{Xn-l))\ 

< K(an-i - en/2 + y^^(x^^7e^J^^^^(^^^^^i7e^^^ |^| 

< K(^an-i -£'n + V fk{x, e) - f^ix^-i, e„_i)) \t\ 

because f'^{xn,en) < /^(x, e) from (3.8). Thus (i) is proved. 

Further, for (x, e) G Dn+i we have x e B{xn, Sn) Q B{xn-i, Sn-i), using (3.5), and 
X & Mi where 

i e {in+l,jn+l) Q {in,jn) 

SO that {x,e) G -Dn; hence (ii). 

Finally to sec (iii), let {x,e) G Dn+i and recall that (5) of Algorithm 3.2 implies 
fn+i{xn, e„) < f^^i{x, e). By (1) of Algorithm 3.2, this can be written 

fn^Xfii Cn) ~l~ tn{,^m ^n) ^ fn^X, &) -|- tfi(^e, Cn) ■ 

Since (x, e) G D„ by (ii), we have /^(x, e) < f'^{xnien) + A„. Combining the two 
inequalities we get tn < tn{e, e^) + A^. Hence (e, e„) > 1 — Xn/tn so that 

||e - Cnll^ = 2 - 2(e, Cn) < 2A„/tn < cr^ 

using (4) of Algorithm 3.2. □ 

We now show that the sequences x„, e„ and converge and establish some prop- 
erties of the limits. 

Recall first that in-i -< in -< jn -< jn-i for all n > 1. The set {i„ | n G N} is 
thus a non-empty chain in ©. Therefore, it has a supremum i G (5. Further, as 
in e (im+ijm+i) ioi 71 > ui + 2, wc kuow i G [im+i,jm+i] Q {im, jm) for all Ul. 

Lemma 3.4. We have — > x, — > e and fm^f where 

(i) /: if — > R Z5 a Lipschitz function with Lip(/) < 1, 

(ii) f - fm is linear and ||/ - /m|| < for all m, 

(iii) X G Mi, \\x - XmW < 5m and \\e - e^|| < a^, 
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(iv) f'{x,e) exists, is positive and f^{xm,em) f'{x,e), 

(v) {xm-i,em-i) < {,x,e) and 

(vi) {x, e) e Dm for all m. 

Proof. Letting f{x) = fo{x) + (a:, X)fe>o ^fe^fe) deduce fn ^ f and (i), (ii) from 
fn{x) = /o(x) + {x, Y2=otkek), Lip(/n) < 1 and tn+l < tn/2. 

For n > m, by parts (ii) and (iii) of Lemma 3.3 we have {xn, e„) e £>n+i ^ D^+i 
and \\en — em\\ < cr^. The former imphes — x^+iH < Sm+i by the definition 
of Dm+i- As (5^+1 and tend to 0, the sequences and (e„) are Cauchy so 
that they converge to some x ^ H and e G ^(i/) respectively. Taking the n — > oo 
hmit we obtain ||x — Xm+iH < 5m+i and ||e — 6^11 < a^- The former imphes x e 
i?(a;m+i,5m+i) C B{xm,Sm) for aU m, using (3.5). 

To complete (iii), note that from (8) of Algorithm 3.2 we have Xn G C Mj for 
all n, as i„ ^ i. Now Xn ^ x and Mj is closed so that x E M^. 

We now show that the directional derivative derivative f'{x, e) exists. 

For n > m we have (a;„, e„) G Dm+i] therefore by part (i) of Lemma 3.3 we know 

(3.11) {Xm-l,em-l) < {Xn,en)- 

(/m,0-m-l-£m) 

Now the sequence {f^{xn, e„)) is strictly increasing and is non-negative as foixo, Bq) > 

and f^{xn, e„) < fn+l{Xm Cn ) < fn+i{xn+i, Cn+i). It is bouudcd above by Lip(/„) < 

1 so that it converges to some L G (0, 1]. As ||/ — /n|| ^ we also have /'(x„, e„) — > L 
and fn+i{xn, e„) — > L. Note then that for each fixed m, 

/m(*^"' ^n) fmi-^iTi—li ^m— l) ^ ^m; 

n— ►oo 

where 

(3.12) Sm = (/m - /)(e) + L - f!^{xm-i, e^-i) ^ 0. 

m—^oo 

As f!^{xn,en) > fm{xm-i,em-i) ^om (3.11) we have > for each m. Taking 
n — > oo in (3.11) we thus obtain 

(3.13) |(/m(a:^ + *e^-l) - fm{x)) - {fm{Xm-l+tem-l) - fm{Xm-l))\ < rm\t\ 

for any t G M, where 

(3.14) rm^K{am-i-e'm + Vs^)^0. 
Using 11/ - fm\\ < 2tm, \\e - e^_i|| < am-i and Lip(/) < 1: 

(3.15) \{f{x + te)-f{x))-{fm{Xm-l+tem-l)-fm{Xm-l))\ < {rm + '^tm + CF^-lM. 
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Let £ > 0. Pick m such that 

(3.16) rm + 2tm + CTm-i < £/3 and \f^{xm-i, em-i) - -^^1 < £/3 

and 5 > with 

)t\ < em 

for all t with \t\ < 5. Combining (3.15), (3.16) and (3.17) we obtain 

\f{x + te) - f{x) - Lt\ < e\t\ 

if \t\ < S. Hence the directional derivative f'{x, e) exists and equals L. As L > and 
fn{xn, e„) is an increasing sequence that tends to L, we get (iv). 

Note further that, as — / is linear, the directional derivative f^{x, e) also exists 
and equals {fm — /)(e) + L. Hence from (3.12) 

As > for all m, we conclude that f^{x, e) > f^{xm-i, ^m-i) foi' Further 
from (3.13) and (3.14), 

\{fm{x + te^-l) - fm{x)) - {fm{Xm-l + tCm-l) - fm{Xm-l))\ 
< K(am-1 -£'m+ V f'mi^^ ^) " fLi^m-1, Cm-l)) |^| 

for any t. Hence 

{xm-i,em-i) < ix,e). 

(/m,o-m-i-eJ„) 

This establishes (v). Finally (vi) follows immediately from (iii), (iv), (v) and the 

fact i e {irnjm)- □ 

Proof of Theorem 3.1. From Lemma 3.4(i)-(ii) the Lipschitz function /: if — > R is 
such that (/ — /o) is linear and ||/ — /o|| < 2to < /i- Recall that i e {im,jm) for all m; 
in particular i G (io; Jo)- By parts (iii) and (iv) of Lemma 3.4 we see that {x, e) e D{ 
and f'{x, e) > 0. 

We are left needing to verify that the directional derivative f'{x, e) is almost locally 
maximal in the sense of Theorem 3.1. 

Lemma 3.5. If e > then there exists 5^ > and e (hjo) such that whenever 

(x,e) < {x',e') 

m 

with \\x' — x\\ < and x' e M^^, we have f'{x', e') < f'{x, e) + e. 
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Proof. Pick n such that 

(3.18) n > 4/Vi and A„, tn < e/A. 
Let — jn e (i,io)- Find > such that 

(3.19) Se < 6n-l - \\X - Xn-l\\ 

and 

(3.20) \(fn(x + te) - fn{x)) - (fn(Xn-l + tCn-l) - fn(Xn-l))\ 

< (fL(x,e) -/^(xn_i,e„_i) + (7„_i)|i| 

for all t with \t\ < Ss/e'n, where e'^ is given by (3.6). Such a 5^ exists using 
Lemma 3.4(iii) and the fact that fn{x, e) — /^(x^-i, e^-i) > from Lemma 3.4(v). 
Now suppose that 

f {x,e) < ix',e'), 
I (/,o) 

(3-21) \ \\x' - x\\ < 6s and x' G Mj^, 

[f'{x',e')>f{x,e)+e. 

We aim to show that {x', e') e Dn- That will lead to a contradiction since, together 
with (6) in Algorithm 3.2 and Lemma 3.4(iv), this would imply 

f^{x', e') < f^{xn, e„) + A„ < f{x, e) + A„ 

so that 

f'ix',e')< f'ix,e) + Xn + 2tn, 
by Lemma 3.4(ii). This contradicts (3.18) and (3.21). 

Since (3.19) and (3.21) imply x' G B{xn-i,6n-i) and x' G Mj^ with = jn G 
{in-i, jn-i), to prove {x', e') G it is enough to show that 

(3.22) (a;„-i,e„_i) < (a;',e'); 

{fn,<Jr,-l-e'j2) 

see (5) in Algorithm 3.2. 

First, note that /;(x', e') - f^{x, e) > f{x', e') - /'(x, e) - 2||/„ - /|| > e - 4t„ > 0, 
so that fn{x',e') > f^{x,e) > /;(a;„_i, e„_i). 

Let A = f'{x',e') - f'{x,e) and B = f^{x',e') - fn{x,e). We have A > £ and 
B>0; therefore by (3) of Algorithm 3.2, Lemma 3.4 (ii) and (3.18) 

VA-VB< — ^ = ^ < ^ < ni„ < (J„_i/4. 

yS 
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Further, letting C = f!^{x',e') — e„_i), we have < S < C < 2, since 

f^{xn-i,en-i) < fn{x,e) and Lip(/„) < 1, so that 

kVC - >C-B = f^{x, e) - e„_i) 

as X > 4. Hence 

ifni^, e) - e„_i)) + Ky/ f'{x',e') - f'{x,e) 

(3.23) <KVC-KVB + K{\^+an-i/4:) 

= e') - fLi^n-i, e„-i) + a„_i/4). 

In order to check (3.22), we need to obtain an upper estimate for 

(3.24) \{fn{x' + tCn-l) - fn{x')) - {fn{Xn-l+ten-l) - fniXn-l))\. 

If \t\ < S^/e'j^, we can use 

\{f„{x' + te) - Ux')) - iUx + te) - Ux))\ 



= \{f{x' + te) - fix')) - {fix + te) - f{x))\ < K^/ r{x\e') - f'{x,e)\t\ 
and (3.20) to deduce that (3.24) is no greater than 

(/:(x,e) - /;(x„_i,e„_i) +(7„_i)|t| +XV/'(^',e') -/'(^,e)|t| + ||e - e„_i|| • \t\ 

since Lip(/„) < 1. Using (3.23), ||e — e„_i|| < (7„_i, e'^ < cr„_i/4 and X > 4 we get 
that the latter does not exceed 

K - 4/2 + V/;(^',e')-/^(^n-i,e„-i)) 

On the other hand, for |i| > Ss/e'n we have 2||x — x'\\ < 2e'^\t\ < Ke'Jt\/2 so, using 
this together with Lemma 3.4(v), Lip(/„) < 1 and /^(x, e) < /^(x', e'), we get 

|(/n(2;' + ten-l) - fn{x')) - {fn{Xn-l + te„_i) - /n(x„_i))| 

< 2\\x' - x\\ + - 4 + V/A(a^,e)-/;(a;,_i,e„_i)) |i| 

< - e'j2 + V/;(^',e')-/;(^n-i,e„-i)) 

Hence 

(x„_i,en_i) < (a;',e') 

(/n,^n-l-</2) 

and we are done. □ 
This finishes the proof of Theorem 3.1. 
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4. A DIFFERENTIABILITY LEMMA 

As in the previous section, we shall work on a real Hilbert space H ^ though our 
eventual application will only use the case in which H is finite dimensional. Given 
x,y E H we use [x, y] to denote a closed line segment in H. 

We start by quoting the following lemma, which is [8, Lemma 3.4]. 

Lemma 4.1. Suppose that \^\ < s < p, < u < a > and L > are real 
numbers and that if and are Lipschitz functions defined on the real line such that 
Lip((/9) + Lip{ip) < L, ip{t) ~ ip{t) for \t\ > s and (f{^) ^ "0(0 • Suppose, moreover, 
that ip'{0) exists and that 

\'ijj(t)-'ijj(0)-t'ijj'(0)\ < aL\t\ 

whenever \t\ < p, 

p>s^{sL)/{y\<p{i)-^l^{i)\), 

and 

sL ) ■ 

Then there is a t E {—s, s) \{^} such that (/^'(r) exists, 

^'{T)>xl;'{0) + u\^{O-m\/s, 

and 

(4.1) \{<f{T + t)- ipir)) - m) - ^(0))| < 4(1 + 20i/)vWWW^N 
for every t e M. 

Lemma 4.2. Let H he a real Hilbert space, f:H^M.bea Lipschitz function with 
Lipschitz constant Lip(/) > and let e G (0, Lip(/)/9). Suppose x E H , e E S{H) 
and s > are such that the directional derivative f'{x, e) exists, is non-negative and 

(4.2) \f(x + te) - fix) - fix, e)t\ < J^^^^IA 



for \t\ < s^J^^^. Suppose further ^ e {—s/2, s/2) and X & H satisfy 
(4.3) \fix + X)-fix + Ce)\>2A0es, 

(4.4) 

4-5 and ^ —f- < 1 + 

ks + ei 4Lip(/) 
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for TT = ±1. Then if Si, S2, X' & H are such that 
(4.6) max(||si — se||, ||s2 — sell) < 



320Lip(/)2 

and 

(^•^) ||^'-^||^i6ii(7)- 

we can find x' e [x — Si, x + \']L}[x + X' , x + S2] and e' e 'S'(i?) such that the directional 
derivative f'{x', e') exists, 

(4.8) f'{x\e')>f'{x,e) + e 
and for all t we have 

(4.9) \{f{x' + te) - fix')) - (fix + te) - f{x))\ 



< 25.y{f'{x',e')-f'ix,e))Upif )\t\. 

Proof. Define constants L — 4Lip(/), u — a — and p — s-y^- Let 

(4.10) ^P{t)= fihit)) and ^{t) = f{g{t)), 

where /i: M ^ if is a mapping that is affine on (— 00, — s/2] and [s/2, cx)) with 
h{t) = X -\-te for t G [—s/2, s/2] and h{—s) = x — Si, h{s) = x + S2 while g: M. ^ H 
is a mapping that is affine on each of the intervals [— s,^] and [^,s], g{i) = x + X' 
and g{t) = h{t) for |t| > s. 

A simple calculation shows that (4.6) implies 

(4.11) \\h'(t) - ell < 2"^ax(||.,-.e|U|.,-.e||) ^ 



s - 160Lip(/)2 

forteM\{-s/2,s/2}. 

Now the derivative of g is given by 



(4.12) g'{t) 
For te{-s,0, 



(A' + .i)/(e + s) foTte{-s,0, 
{X'-S2)/{^-s) iortei^s). 



^g l|A^-A|| + ||gi-ge|| 
~ s 

e e 



8Lip(/) 160Lip(/)2 - 4Lip(/) 
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using 1^1 < s/2, (4.6), (4.7) and e < Lip(/). Hence 
(4.13) 
and 
(4.14) 



b'WII<l + 



\9'{t) - e|| < 3 



2Lip(/) 



Lip(/)' 

The former follows from (4.5) and the latter from 

l|A-ee|| 



A + se 




A-^e 









< 2'- 



< 2 



Lip(/)' 



using (4.4) and |^| < s/2. A similar calculation shows that (4.13) and (4.14) hold 
for t e (^, s) too. Finally, these bounds are also true for \t\ > s by (4.11), since then 

We now prove that ^, s, p, v, a, L, (p, ijj satisfy the conditions of Lemma 4.1. 

We clearly have |^| < s < p, < z/ < cr > and L > 0. From (4.11) and (4.13) 
we have Lip(/i) < 2 and Up{g) < 2. Hence, by (4.10), Up{ip)+Up{ip) < 4Lip(/) = L. 
Further, if |t| > s then g{t) — h{t) so that ip{t) — i/j{t). 

Now as ^ e {-s/2, s/2), 



k(0-V'(OI = l/(^ + A')-/(^ + ee)| 

> |/(x + A) - fix + Ce)\- Lip(/)||A - A' I 



(4.15) 



> 2AQes 



ss 
16 



> 160£s 



by (4.3). Hence (/?(0 V'(0- 

From (4.10) and the definition of h, we see that the derivative ■0'(O) exists and 



equals f'{x, e). For \t\ < p — s\/ j-, we have from (4.2) 



\f(x + te)-f{x)-f{x,e)t\ < 



160Lip(/) 



so that, together with (4.11), 

m) - m - t^'m = \f(h(t)) - f(x) - nx, e)t\ 

< \fix + te) - fix) - fix, e)t\ + Lip(/) \\h{t) - x - te\ 



< 



t\ + 



160Lip(/) ' ' 160Lip(/) 



\t\ = aL\t\. 
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Finally, using (4.15), 



sL / sL 



" l ;i ) -so^l^J 

Therefore, by Lemma 4.1, there exists r e (— s, s) \ {^} such that ^'{t) exists and 

(4.16) v\t) > ^''(O) + - i^{i)\/s > fix, e) + 2e>0 
using (4.15) and V'(0) = f'ix,e) > 0. Further, by (4.1) 

(4.17) Mr + t)- ^(r)) - (^(t) - ^(0))| < 5^{^'{t) - r{x,e))L\t\ 
for every t G M. 

From (4.14) and e < Lip(/)/9 we have g'{t) ^ for any t G (— s, s) \ Define 

(4.18) x' = ^(r)ande' = ^'(r)/||^'(T)||. 
The point x' belongs to 

y((-s, s) \ {iY) = (x - Si, x + A') U (x + A', X + 52). 

Further, since the function (/? is differentiable at r, the directional derivative fix' , e') 
exists and equals (p'{T)/\\g'{T)\\. Now by (4.13), (4.16) and Lip(v9) < 2Lip(/) we have 

so that 

(4.19) f(^,^)-f(.,e)> ^'<^^-/<^''K 

Hence (4.8) follows from (4.16). 

Together with L = 4Lip(/) and the definitions of ip,ip,x', the inequalities (4.17) 
and (4.19) give 

(4.20) \{f{g{r + t))-f{x')-{f{h{t))- f{x))\ 

< 20^/{f{x',e') - f{x,e))Up{f)\t\. 

Using (4.11), (4.14) and e < Lip(/) we obtain 



\g(r + t)-g{T)-te\\<3jj—^^\tl 



\\h{t) - h{0)-te\\ < 



Lip(/) 
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for all t. Using g^r) = x' , h{0) = x and the Lipschitz property of /, 

\figir + t)) - fix' + te)\< S^^LH/Iltl, 

\f{h{t))-f{x + te)\<^/elM^)\t\ 

for all t. 

Putting these together with (4.20) we get 

\(f(x' + te)-f(x')-(f(x + te)-f(x))\ 

< 20v/(/'(x',e')-/'(x,e))Lip(/)|t| + 3./6lMf)\t\ + V^lMf)\t\ 

< 25^/{f'{x',e')-f'{x,e))Up{f)\t\ 

as £ < f'{x', e') — f'{x,e). This is (4.9). We are done. □ 

Lemma 4.3 (Differentiability Lemma). Let H be a real Hilbert space, f: if — > M &e a 
Lipschitz function and {x, e) e HxS{H) be such that the directional derivative f'{x, e) 
exists and is non-negative. Suppose that there is a family of sets {F^ C. H \ e > 0} 
such that 

(1) whenever e,r] > there exists 5^ — 5^:{s,r]) > such that for any S e (0,5*) 
and ui,U2, in the closed unit ball of H, one can find li^, u'^ with ^u'^ — 

[x + 5u[, X + 5u'^] \J[x + Su'^, X + 5u'2\ C F^, 

(2) whenever {x', e') e x S{H) is such that the directional derivative f'{x', e') 
exists, f'{x', e') > f'{x, e) and 

(4.21) \{f{x' + te) fix')) ^ (fix + te) - f{x))\ 

< 25^y{f'{x',e')-f'{x,e))Upif)\t\ 

for every t then 

(4.22) f(x',e')<f(x,e)+e. 

Then f is Frechet differentiable at x and its derivative f'{x) is given by the formula 

(4.23) f'{x){h) = f'{x,e){h,e) 
for h e H. 

Proof. We may assume Lip(/) = 1. Let e e (0,1/9). It is enough to show there 
exists A > such that 

(4.24) \f(x + ru) - f(x) - f'(x, e){u, e)r\ < lOOOs^^V 
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for any u e S{H) and r e (0, A). 

We know that the directional derivative f'{x, e) exists so that there exists A > 
such that 

(4.25) \f{x + te) - fix) - fix, e)t\ < ^\t\ 

whenever \t\ < 8A/s. We may pick A < 5*(£, £2/320)£^/2/4. 

Assume now, for a contradiction, that there exist r e (0, A) and u e SiH) such 
that the inequahty (4.24) does not hold: 

(4.26) \fix + ru) - fix) - fix, e){u, e)r\ > lOOOs^/V. 

Define ui — —e, U2 — e, = e^/'^u/A, s — 4£~^/^r, ^ = {u, e)r and A = ru. Prom 
\\um\\ ^ 1) condition (1) of the present Lemma and 

s < Ae-^I^A < S,ie, 6^320), 

there exist u[,u'2,u'2 with \\u'^ — Ujn\\ < and 

(4.27) [x -si,x + A'] [J[x + X',x + S2] C F^, 

where si = —su[, S2 — su'2 and A' = su'.^. 

We check that the assumptions of Lemma 4.2 hold for /, e, x, e, s, ^, A, si, S2, A'. 
First we note (4.2) is immediate from (4.25) as s-\j2/e < Sr/e < SA/e. We also have 
1^1 < r < s/2 as £ < 1. Further |^| < r < 8A/e so that we may apply (4.25) with 
t — ^. Combining this inequality with (4.26) we obtain 

\fix + ru) - fix + ^e)\> lOOOff^/V 1^| > 960£^/V = 240£s. 

160 

Hence (4.3). As ||A — ,^e|| = r\\u — {u, e)e\\ <r< s-\/e we deduce (4.4). 

Now observe that for tt = ±1, 

TTse + A r . , \ \ 
— = e H -{u - (u, e)e) 

and, as the vectors e and u — {u, e)e are orthogonal and ||7rs + {|| > s/2, we obtain 

use + A 



1 e 



This proves (4.5). 

Since Wm|| < £^/320, (4.6) follows from the definitions of Wi, M2, Si, ^2. Further 
as A' = su'^ and X — ru — su^ we have ||A' — A|| < s£^/320 < es/16. Hence (4.7). 

Therefore by Lemma 4.2 there exists x' E [x — Si,x + A'] [J[x + X',x + 82] and 
e' e SiH) such that fix', e') exists, is at least fix, e) +e and such that (4.9) holds. 
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But x' G -Fg by (4.27). This contradicts condition (2) of the present Lemma. Hence 
the result. □ 

5. Proof of main result 
Let n > 2 and C (i e 6) be given by (2.13). 

Recall that, by Theorem 2.5(i)-(ii), the sets Mj are closed, have Lebesgue measure 
zero and Mj C Mj if i -< j. Here (6, z^) is a non-empty, chain complete poset that is 
dense and has no minimal elements, by Lemma 2.1. 

The following theorem shows that if : R" — > R is Lipschitz the points of differen- 
tiability of g are dense in the set 

M = U M,. 

Theorem 5.1. Ij k^l e 6 with k -< I and y e Mk, d > then for any Lipschitz 
function g-.MJ^ — > R there exists a point x of (Frechet) differentiability of g with 
X & Ml and ||x — y|| < d. 

Proof. We may assume Lip((7) > 0. Let H be the Hilbert space R". As in Section 3, 
for a Lipschitz function /i : R" — > R and i e 6 we let be the set of pairs (x, e) e 
Mi X S'^~^ such that the directional derivative h'{x, e) exists. 

Take iq e {k, I) and jo = By Theorem 2.5(iii) we can find a hne segment 
^ Q Migr\B{y, d/2) of positive length. The directional derivative of g in the direction 
of £ exists for almost every point on £, by Lebesgue's theorem, so that we can pick a 
pair (xo, Cq) G Df^ with \\xo — y\\ < d/2. Set fo — g,K — 25-\/2Lip(g'), 5o — d/2 and 
II = Up{g). 

Let the Lipschitz function /, the pair {x, e), the element of the index set i G {io, I) 
and, for each e > 0, the positive number and the index G (i, /) be given by 
the conclusion of Theorem 3.1. We verify the conditions of the Differentiability 
Lemma 4.3 hold for the function / : — > M, the pair [x, e) G D{ and the family of 
sets {F,CW\e> 0} where 

F,^Mj^nB{x,5,). 

We know from Theorem 3.1 that the derivative f'{x, e) exists and is non-negative. 
To verify condition (1) of Lemma 4.3, we may take £ > 0, 77 G (0, 1) and put 

5^ = min(Q;(i,j;,77),(5e/2), 
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where a{i,j^,r)) is given by Theorem 2.5(iii), noting 6{1 + rj) < 2S^ < for every 
S G (0,(5*). Condition (2) of Lemma 4.3 is immediate from the definition of and 
equation (3.1) as Lip(/) < 'Lip{g) + = 2Lip(5() so that 25^/Lip(J) < K. 

Therefore, by Lemma 4.3 the function / is differentiable at x. So too, therefore, is 
g as {g — f) is hnear. Finally, note that x E C Mi and 

\\x — y\\ < \\x — xqW + ||a;o — y\\ < Sq + d/2 = d. □ 

Corollary 5.2. If n > 2 there exists a compact subset S C o/ measure that 
contains a point of (Frechet) differentiability of every Lipschitz function g-.W^^W. 

Proof. Let Z e 6. As Hs not minimal we can find k ^ I. Now 7^ so that we 
may pick y e M^. Let S — Mi f] B{y, d) where d > 0. We know S is closed and 
has measure zero. As it is bounded it is also compact. If g^: IR'* — > IR is Lipschitz 
then by Theorem 5.1 we can find a point x of differentiability of g with x E Mi and 
ll^^ — y\\ < d, so that X E S. □ 
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